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Fourier’s law governing the heat conduction has been considered to be broken in low(one or
two)-dimensional momentum-conserving systems, based on the theory of the semi-macroscopic flu-
idic continuum. It is predicted that the heat conductivity in those systems should diverge in the
thermodynamic long-wavelength limit. However, recent molecular-dynamic studies have reported
a considerable number of counterexamples where the intensive property of the heat conductivity
and thus Fourier’s law recover in low-dimensional momentum-conserving systems. To answer the
conundrum lying between the semi-macroscopic theory and the microscopic numerics, in this paper,
I refine the previous semi-macroscopic fluid analysis by introducing the elastic response. Based
on the fluctuating elastodynamic equation, the mode-coupling and dynamic renormalization-group
analyses show that the non-zero acoustic wave speeds result in the recovery of Fourier’s law by desta-
bilizing a previously known fixed point keeping the hyper-scaling between the heat conductivity and
kinetic viscosity. The theory based on the dynamic renormalization-group further predicts the size
scale of beginning the recovery of Fourier’s law. The prediction is supported by the numerical ex-
periments of Fermi-Pasta-Ulam(FPU)-β lattices, the data of which are collapsed to the predicted
scaling function for the recovery of Fourier’s law without any fitting parameters. The provided
theory and numerics suggest the universality of the recovery of Fourier’s law in the low-dimensional
solids, which eventually include the one-dimensional fluids sharing the same governing equations
with one-dimensional solids.
I. INTRODUCTION
Heat conduction in low-dimensional systems have pro-
vided the broad fileds to test the theories on the dy-
namical motions of the many particle systems [1–3] and
to investigate the intriguing physical properties in low-
dimensional materials [4]. Note that the low-dimensions
mean that the dimension d is equal to or smaller than
two (d ≤ 2) in this paper. To the theories, the problems
concerning heat conduction provide the simple bench-
mark tests to investigate the irreversible thermodynamic
properties [5, 6] beyond the equilibrium thermodynamics.
To the experiments, the favorable properties specific to
low-dimensional systems have been predicted by the the-
ories concerning the heat conduction in low-dimensional
systems [2, 3]. The experimental verifications on those
low-dimensional material properties are now started with
the recent elaborate experiments [4, 7, 8].
In the ordinary many-particle systems, there is a linear
relation called Fourier’s law in the heat conduction be-
tween the energy current (J) and the spatial gradient of
the temperature (T ), connected by the heat conductivity
(κ) independent of the material-sizes;
J = −κ∇T, κ ∝ N0 (1)
where N denotes the number of particles, correspond-
ing to the size of the material conducting the heat. The
intensive (size-independent) property of the heat conduc-
tivity means the heat conductivity behaves as a material
property being substance-specific.
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In low-dimensional systems, on the other hand, the
intensive property of the transportation coefficients, e.g.,
the heat conductivity and viscosities is known to capable
of being broken [1–3, 9, 10]. This tendency is unique
to the low-dimensional momentum-conserving systems.
In those systems, the heat conductivity increases as the
materials conducting heat becomes large, in proportion
to the power of N ;
κ ∝ Nα, α > 0, (2)
This is called the anomalous heat conduction [11]. Such
increase of transportation coefficients means their diver-
gence in the thermodynamic limit N → ∞, and the
breakdown of Fourier’s law. It eventually results in the
absence of the macroscopic descriptions on transporta-
tions in the thermodynamic limit [2, 3, 12].
The mechanism behind the anomalous heat conduc-
tion is clarified to be the coupling between thermal fluc-
tuations and momentum conservations [1, 10]. The the-
ory is based on the semi-macroscopic hydrodynamic de-
scriptions (called the fluctuating hydrodynamic equa-
tions [13], detailed later), and provides the quantitative
descriptions by using the mode-coupling analysis [14] and
dynamic renormalization-group analysis [1] on the fluctu-
ating hydrodynamic equations. Because the momentum-
conserving properties are the universal properties in the
atomic scales, the anomalous heat conduction is ob-
served in various systems in molecular dynamic simula-
tions [2, 12] and in experiments using carbon-nanotubes
and graphene sheets [4, 7].
However, quite recent studies have reported a consid-
erable number of the counterexamples to this anoma-
lous heat conduction in momentum-conserving systems,
2where the intensive property of the heat conductivity re-
covers (called the recovery of Fourier’s law hereafter) [15].
Following the first report of the recovery in molecular-
dynamic simulations of [16], many molecular-dynamic
simulations have reported the saturation of the increase
in the heat conductivity at larger scales than the size
ranges showing the anomalous heat conduction. Indeed,
paradigms of the anomalous heat conduction are now
shown to be able to recover Fourier’s law such as FPU-
β lattices [17, 18]. Although some simulations [19, 20]
were pointed out that the model setting did not reach to
the size ranges of the asymptote and thus the recovery
of Fourier’s law was just apparent [21] occurring in the
intermediate size regime of the ballistic one α = 1 and
the anomalous one α = 1/3 [22], more recent study also
reported the recovery of Fourier’s law after the anoma-
lous behavior α = 1/3 [18]. For example, the recovery
of Fourier’s law in [18] is characterized by the rapid sat-
uration of the exponent from α = 1/3 theoretically pre-
dicted [12] to α = 0.009 (37 time smaller than 1/3), and
the saturated heat conductivity at N = 106 is quanti-
tatively met to the heat conductivity predicted by the
Green Kubo formula [23] at different N ∼ 102 ∼ 103
of periodic boundaries, as in the case of the normal heat
conduction [24]; such boundary-independent and system-
size independent quantitative coincidence is not expected
to the system indicating the anomalous heat conduc-
tion [25].
Two possible origins of the recovery of Fourier’s law
are proposed from the detailed simulations [17, 18, 26–
28], yet their correspondence with the previous semi-
macroscopic theories [1, 12, 29] are still not uncovered.
Some pointed out the significance of thermally activated
dissociations [18, 27]. However, while the dissociation
means the rupture of the system (fragmentation of the
medium) in the truly one-dimensional systems, the dis-
sociation does not provide such fragmentation to the
two-dimensional or substantially one-dimensional sys-
tems such as the carbon nanotubes; this may suggest
the dissociation origin is special in truly one-dimensional
cases. Some other studies pointed out the significance
of the pressure [18] or equivalently the strain [17] in
molecular-dynamic one-dimensional systems. Consis-
tently, a quite recent research also reported asymmetric
microscopic interaction potential can induce the recov-
ery of Fourier’s law [30]; considering that the interaction
is inevitably asymmetric when the pressure is nonzero
in one-dimensional systems (that is the zero-pressure is
achieved only when the microscopic interaction poten-
tial is symmetric in the steady-state average), such re-
covery of Fourier’s law induced by the asymmetric mi-
croscopic interaction potential will be classified to the
pressure/strain-induced recovery of Fourier’s law in one-
dimensional systems [17, 18]. However, the previous
semi-macroscopic theories already cared the pressure and
strains [31], so that predictions of previous theories and
recent numerics are, at least apparently, conflicting with
each other concerning the pressure and strains; thus there
can be a doubt remaining whether the numerically sug-
gested recovery of Fourier’s law in [17, 18] holds in the
thermodynamic limit or not. Although a research [18] ex-
ecuted the mode-coupling and dynamic renormalization-
group analyses and clarified the cutoff of the anomalous
heat conduction can be caused by pressure fluctuations
even in the semi-macroscopic scales, it is not clear why
such recovery of Fourier’s law can occur with avoiding
the previous theoretical predictions [1, 12].
To settle discrepancy between the semi-macroscopic
theories and the quite recent reports mostly based on
the molecular dynamic simulations, in this paper, I ex-
ecute the semi-macroscopic analysis by focusing on the
elastic response. The analysis is based on the fluctuat-
ing elastodynamic equations [31] in both one and two
dimensions. Although this is the same as the fluctuat-
ing hydrodynamic equations in one dimensions, as de-
tailed later in the setting section, the results become
largely different in two dimensional cases. Although some
studies already investigated the effects of the elastic re-
sponses caused by the pressure in the fully hydrodynamic
equations [12, 29, 31], they assumed the hyper-scaling of
the kinetic viscosity and the heat conductivity or the
scaling of the anomalous heat conduction, as detailed
in the discussion section; in other words, the stability
of such scalings prociding the anomalous heat conduc-
tion are not studied in the previous works. In contrast,
these assumptions are shown not valid in the findings
of this paper resulting in the recovery of Fourier’s law.
Based on the explicit solutions of the mode-coupling and
dynamic renormalization-group analyses without assum-
ing any scalings, the fluctuating elastodynamic equations
bridge a divide between the previous semi-macroscopic
theories and the recent molecular-dynamic reports.
This paper is organized as follows. First, in the Set-
ting section, the fluctuating elastodynamic equations [31]
is introduced in a way applicable to all the dimensions.
Second, in the Results section, the mode-coupling and dy-
namic renormalization-group analyses are executed. The
theoretical prediction is tested by the numerical exper-
iments of FPU-β lattices. The results are not the scal-
ing analyses, and the explicit coefficients are obtained;
this is a large difference from the most similar study [31]
claiming the anomalous heat conduction in the elastic
medium. This causes the difference between the analy-
sis of this paper providing the recovery of Fourier’s law
and theirs providing the anomalous heat conduction (de-
tailed in the discussion section). Third, in Discussion
section, the correspondence of the results in this paper
with previous works is explored.
II. SETTING
I introduce the fluctuating elastodynamic equations in
this section. First, the fluctuating hydrodynamic equa-
tions [32] are introduced. Second, as an extension of the
fluctuation hydrodynamic equation, the fluctuating elas-
3todynamic equations are introduced.
A. Fluctuating Hydrodynamic Equations
In the semi-macroscopic scales, motions of many par-
ticles are dominated by the macroscopic equations, yet
non-negligible thermal fluctuations disturb such deter-
ministic description [32]. Such a scale is partially acces-
sible by the molecular-dynamic simulations solving the
many particle systems of short range interaction. Deter-
ministic aspects have been tested for a long time [33].
The properties of the fluctuations are also examined by
recent simulations [34].
To begin with, I introduce the fluctuating hydrody-
namic equations describing such semi-macroscopic scales.
Suppose the mass, momentum, and energy are conserved
in the microscopic scales. The fluctuating hydrodynamic
equations describe the slow motions of the density of
the mass ρ, momentum ρv, and energy e in the semi-
macroscopic scales of such systems;
∂tρ+ ∂a(ρva) = 0
∂tρva + ∂b(ρvavb) = ∂bσ
′
ab (3)
∂te+ ∂aJ
′
a = 0
where va denotes the a component of the velocity v;
σab and J
′
a respectively denote the a, b component of the
stress tensor and a component of the energy current of
the fluctuating hydrodynamic equations, given as
σ′ab = −Pδab + Cvisabcd∂cvd + sab
J ′a = eva − σ′abvb − κ∂aT − ga (4)
where ∂t and ∂a respectively denote the partial deriva-
tives regarding the time and the xa axis of the space x, P
and T respectively denote the pressure and temperature,
both being the functions of mass density and internal en-
ergy density (ρ, e− ρv2/2), and κ and Cvisabcd respectively
denote the heat conductivity and the a, b, c, d component
of the viscosity tensor Cvis; s and g respectively denote
the random stress and random heat current. The vis-
cosity tensor takes the following form in the isotropic
materials as long as the Stokes hypothesis holds [32],
Cvisabmn = ζ(δamδbn + δanδbm − 2d−1δabδmn), (5)
where ζ is the shear viscosity and d expresses the dimen-
sion of systems; δab = 1 (when a = b) = 0 (otherwise) is
the Kronecker delta. For simplicity, I assume the homo-
geneous viscosity tensor.
The currents of the momentum and of the energy are
made of adiabatic reversible parts predictable by the
thermodynamics and the dissipative irreversible parts ex-
pressed by the linear irreversible thermodynamics and
thermal fluctuations. Although the momentum and en-
ergy are conserved in the microscopic scales, the dissipa-
tion occurs in the macroscopic scales following the dis-
sipative parts of the currents [32]. Note that the mass
density evolutions include no dissipations in the fluctu-
ating hydrodynamic equations.
Thermal fluctuations (s, g) are written by white noises
as a consequence of the central limit theorem, and gov-
erned by the fluctuation dissipation relations (FDR) [23];
〈sab(x, t)scd(x′, t′)〉 = 2CvisabcdTδ(x− x′)δ(t− t′)
〈ga(x, t)gb(x′, t′)〉 = 2κT 2δabδ(x − x′)δ(t− t′) (6)
〈sa(x, t)ga(x′, t′)〉 = 0
where 〈〉 denotes the noise average, and δ(t), δ(x) de-
note the Dirac delta functions of one- and d- dimensional
spaces. The covariances of s and g are related to the
transfer coefficients due to FDR.
In addition, the high wavenumber cutoff Λ is as-
sumed to reflect the non-continuum area of short-
wavelength [32]. Note that the definition of Λ can
be change in the dynamic renormalization-group analy-
sis [1], as detailed later when such an analysis is executed.
B. Fluctuating Elastodynamic Equations
Next I introduce the fluctuating elastodynamic equa-
tions considering elastic shear responses.
The fluctuating hydrodynamic equations Eqs. (3) and
(4) are not sufficient for solid systems because there is the
elastic shear resistance caused by the elastic order [13,
31]. Due to the elastic shear resistance, the shear strains
(given by the traceless part of the strain tensor) become
approximate conserved quantities.
The elastic order responds to the strain. In the La-
grangian description, a unit of continuity accumulates
the strain as a consequence of the velocity difference from
the environment (other units surrounding the unit);
Dǫab
Dt
=
1
2
(∂avb + ∂bva) (7)
where D/Dt := ∂t + va∂a is Lagrangian differentiation,
and ǫab denotes the a, b component of the strain. Then
elastic order yields the Hookean response of the elastic
stress σel to the strain,
σelab = C
el
abcdǫcd, (8)
where Celabcd is the a, b, c, d component of the stiffness ten-
sor.
Following discussion is focused on the case of uniform
isotropic elasticity
Celabcd = λ˜δabδcd + µ(δacδbd + δadδbc) (9)
for simplicity, where λ˜ and µ respectively denote the
Lame’s first and second parameters; note that µ corre-
sponds to the rigidity of the medium.
The volumetric part of the elastic response must be
eliminated in an appropriate way when the elastic stress
is imposed to the governing equation. This is because
the volumetric reversible response is already cared by the
4pressure (given as the adiabatic (reversible) response to
the volumetric change in the thermodynamics [13, 32]).
Now I assume the additivity between the stress σ′ in
the case of the fluctuating hydrodynamic equations and
newly imposed shear resistance included in the elastic
stress σel in the stress σ of the fluctuating elastodynamic
equation. This can be written as
σab = σ
′
ab + (σ
el
ab − δabσelcc/d) (10)
by considering that the newly imposed reversible stress
must be traceless and invariant to the coordinate rota-
tion [5], where σab denotes the a, b component of σ.
Based on the above considerations, by replacing σ′
with σ, the following equations are obtained;
∂tρ+ ∂a(ρva) = 0
∂tρva + ∂b(ρvavb) = ∂bσab
∂te + ∂aJa = 0
(∂t + vc∂c)ǫab = (∂avb + ∂bva)/2 (11)
with
σab = −Pδab + (Cabmn − δabCccmn/d)ǫmn
+Cvisabmn∂mvn + sab. (12)
Ja := eva − σabvb − κ∂aT − ga
This is the explicit form of the fluctuating elastodynamic
equations. Indeed, Eqs. (11) and (12) are the same as
equations derived from the thermodynamic discussions
in one dimension [31], neglecting their vacancy diffusion
terms.
Note that the change in volumetric strain ǫaa and the
logarithmic change in the mass density ρ are connected
by the following relation,
D
Dt
[log ρ+ ǫaa] = 0 (13)
This is obtained from Eqs. (3) and (7). Therefore, there
can be indefiniteness of formalism concerning the volu-
metric changes. Nevertheless, newly imposed reversible
stress σelab − δabσelcc/d in σ does not contain ǫaa terms at
least in the following analysis. Hence I do not impose
any rules to avoid such indefiniteness in this paper.
Some previous studies include the additional dissipa-
tive parts in the evolution of the volumetric strain (7) to
represent the vacancy diffusions [31]. However, such vol-
umetric ductile deformations of solids are caused by the
accumulation of the thermally activated jumps of vacan-
cies in the atomic scale [35], so that much slower than the
collective motions considered above, at least except for
the high temperature. Here I do not consider such quite
slow ductile motions of solids negligible in the time-scales
of the scope in this study, as already other previous stud-
ies did [32], and assume the time evolution of the strain
is governed by Eq. (7) (including no dissipations) and
keeps Eq. (13).
To consider the one-dimensional systems and substan-
tially one-dimensional systems, it is noteworthy that
there is no distinction between the solids and fluids
in the governing equations in one-dimensional systems.
Indeed, the traceless elastic stress σelab − δabσelcc/d ex-
actly becomes zero, and the elastic interactions are fully
cared by the pressure. An example of the substantially
one-dimensional systems is the carbon nanotube provid-
ing the experimental tests of the predictions on one-
dimensional systems [7]. There is no shear strain in one-
dimensional systems (or in coarse-grained substantially
one-dimensional systems), so that the shear resistance
does not exist in their governing equations. Given these,
hereafter I do not strictly distinguish the solid and fluid in
one-dimensional systems. Indeed, the intrinsic points in
the following analyses are the ballistic responses caused
by the wave propagations and independent of the dis-
tinction between the solids and fluids in one-dimensional
cases.
III. RESULTS
In this section, I investigate the effect of the elas-
tic reversible responses (including the elastic volumet-
ric response expressed by the pressure) to the observed
transportation coefficients based on the same techniques
as those adopted in previous studies [1, 10, 36]. I
here use the mode-coupling theory and the dynamic
renormalization-group analysis, the details of which are
shown in the Appendix A.
First, the fluctuating elastodynamic equations are ex-
panded around the equilibrium states for the mode-
coupling and dynamic renormalization-group analyses.
Second, the mode-coupling analysis is shown about the
kinetic viscosity and heat conductivity at the long wave-
length limit in two-dimensional incompressible solids
(Eq. (15)), focusing on the recovery of Fourier’s law (the
saturation of the anomalous increase in the heat con-
ductivity) based on the mode-coupling analysis. Since
the mode-coupling analysis is already shown in one-
dimensional system (Eq. (16)) in [18], I do not re-
peat the results of the mode-coupling analysis here.
Third, the result is reconsidered by using the dynamic
renormalization-group analysis and tested by the numer-
ical experiments.
A. Expansions around Equilibrium States
I finished obtaining the fluctuating elastodynamic
equations. These equations are further reduced to be
connected to the observed heat conductivity.
The anomalous transport is provided by the ther-
mal fluctuations of the conserved quantities coupled
with the nonlinearity of the streaming terms [1, 10].
Changes in the transportation coefficients caused by such
a nonlinear coupling can be estimated by the analy-
sis of the fluctuating motions around some equilibrium
states [1, 12, 23]. To obtain the explicit form of the
5renormalization, I consider the dynamics of the fluctua-
tions of conserved quantities around an equilibrium state
(ρ, v, e, ǫ) = (ρ0, 0, e0, ǫ0), where the subscript 0 repre-
sents the index of the original states, giving A0 := 〈A〉
to a variable A.
The previous explicit calculations of the dynamic
renormalization-group studies are limited to some simple
cases, such as the (stirring) incompressible fluids and the
(noisy) Burgers equations [1]. To get comparable results
with these previous studies, I here focus on the minimum
changes in these models caused by the elasticity. It is be-
yond the scope of this paper to explicitly calculate the
renormalization group without any approximations.
Dissipative nonlinearity is known to be irrelevant
around the fixed points of our interest [29], hence I ne-
glect them ((B, κ, σ′abvb) ≃ (B0, κ0,−Pva)) for analytical
simplicity.
For further simplicity, I adopt the perturbative way of
treating the imposed elastic shear resistance by the fol-
lowing two procedures, in order to study the minimum
change caused by the imposed elastic responses. First,
I neglect the nonlinearity related to the elastic response
(Cel ≃ Cel0 , σabvb ≃ −Pvb) or strains. Second, I set
the equilibrium state of the strain at ǫ0,ab = 0. Around
0 strain states, the dependence of the temperature and
pressure on traceless strain starts from the second order
of fluctuations in the traceless strain, being the negligible
order of this setting. This is because traceless-strain de-
pendencies of them come from the internal energy (con-
tributed from the square of the strain) or the second and
third invariants of stress (on the order of the square of the
strain), due to the requirement of the coordinate-rotation
invariance.
Under these approximations, original equations (11)
and (12) around the above equilibrium states are reduced
to
∂tρ+ ∂a(ρva) = 0
∂tψa = va
∂t(ρva) + ∂b(ρvavb) = −∂aδP (14)
+(C0abmn − δabC0ccmn/d)∂b∂mψn
+B0abmn∂b∂mvn + ∂bs0ab
∂te+ ∂a[(h0 + δe+ δP )va] = D0∆e + E0∆ρ+ ∂ag0a
where δ represents the index of the fluctuations giving
δA := A − 〈A〉 to a variable A, and I defined h0 :=
e0+P0, D := κ(∂T/∂e)ρ, E := κ(∂T/∂ρ)e; ψ denotes the
displacement field with setting the reference value of ψ
at 0, which gives the analytical simplicity by expressing
the strain as ǫab = ∂aψb.
As above, I simplified the fluctuating elastodynamic
equations, comparable to the results on the previous dy-
namic renormalization-group studies [1] where the flows
of the renormalization group are explicitly obtained. Be-
low, these equations are compared with the incompress-
ible systems and noisy Burgers equation both being well-
known model equations of the anomalous transports [1].
As mentioned earlier in the introduction section, al-
though some studies showed the mode-coupling analy-
sis on the one-dimensional full fluctuating hydrodynamic
equations [12, 29] providing the theoretical descriptions
of the anomalous heat conduction, they assumed the scal-
ing of z = 3/2 is kept in any scales, so that they do not
show whether such scalings are maintained in any scales
or not (revisited in the discussion section).
One case studied in this paper is the incompressible
cases (the case with the approximation of incompressibil-
ity), which consider the time scales slower than the sound
(longitudinal) wave propagation caused by the volumet-
ric deformations. Under the situation of the incompress-
ible case (δρ = 0 equivalently ∂aψa = ǫaa given Eq. (13)),
the model equations (14) with Eq. (5) is reduced to the
followings,
∂tψa = va, ∂ava = 0
∂tva + ∂b(vavb) = −∂aδp+ Y0∆ψa + ν0∆va + ∂bs′0ab
∂tδe+ ∂a[(δe + ρ0δp)va] = D∆δe+ ∂ag0a (15)
where ν0 := ζ0/ρ0 denotes the kinetic viscosity, and I
defined p := P/ρ, Y := µ/ρ, s′ := s/ρ0. The functional
form of δp is determined by an incompressible condition,
∂ava = 0. This represents the minimum change induced
by the shear-resistance in the incompressible fluctuating
fluids where the heat conductivity is shown to diverge
after simplified to the diffusion coefficient of the passive
scalar [1]. The following analysis around d = 2 is based
on this equation.
The incompressible setting is not physical in
one-dimensional cases, although the dynamic
renormalization-group on the incompressible equa-
tion can be extended to any dimensions. In addition, the
Stokes hypothesis must be broken in one-dimensional
system to get the momentum dissipation.
In order to get the analytical simplicity with avoiding
an incompressible setting, I here show a one-dimensional
model introduced in a previous work [18]. This is
the Burgers model modified with the small pressure
fluctuations, obtained with the following two approx-
imations. One is the small mass density variation
((δρ/ρ0)/(δe/e0) ≪ 1) appropriate for lattice models.
The second is assuming the smallness of the pressure
fluctuations to extract only the linear terms caused by
the pressure variations, in order to study the minimum
change caused by the pressure. Based on these two ap-
proximations, the model equation is obtained with the
nonzero bulk viscosity around the base state changed
as (ρ, v, e, ǫ) = (ρ0, 0, e0, 0) → (ρ, u, e, ǫ) = (ρ0, 0, e0, 0),
where u := ρv denotes the momentum. After expanding
the variables transformed in such a manner around the
equilibrium state in the similar way to that shown earlier,
the equations (11) and (12) in d = 1 is reduced to the
following form around the equilibrium state in the above
6approximations [18],
∂tδρ+ ∂aua = 0
∂tua + ρ
−1
0 ∂b(uaub) = −
(
∂P
∂ρ
)
e0
δρ
− (∂P∂e )ρ0 δe+ ζ0∆va + ∂bs0ab (16)
∂tδe+ ρ
−1
0 ∂a[(h0 + δe)ua] = D∆δe+ E∆δρ+ ∂ag0a
where I used ζ as the bulk viscosity so far as in this model
equations, and neglected the nonlinear terms of fluctua-
tions caused from the expansion of the pressure. This is
equivalent to the noisy Burgers equations [1] with pres-
sure fluctuations, already studied in [18]. The contribu-
tion from the strain is fully cared by the pressure, and the
displacement dependent terms does not exist in the above
one dimensional model; the strain change is cared by the
change in the mass density due to a relation, Eq. (13).
When considering the dynamic renormalization-group in
one-dimensional cases, I use this model.
B. Mode-Coupling Analysis on Incompressible
Solids
I start the analysis based on the model equations
(15) of the incompressible low-dimensional solids. The
change in the strain is first substituted by the integrals
of the velocity using the Fourier transform f(k, ω) =∫
dxdt exp(i(k · x + ωt))f(x, t), where k and ω respec-
tively denote the wavenumber vector and the angular
frequency. The functional form of the pressure is then
determined by an incompressible condition (∂ava = 0),
and the original equations are reduced to
va = Gfˆa − iλGPabc(vb ∗ vc) (17)
δe = gf ′ − iλgka[va ∗ (δe+ ρ0δp)] (18)
with
G :=
(
iω + (ν0 − iY0/ω)k2
)−1
g := (iω + κ0k
2)−1 (19)
δp = −k−2[ikcfc + kbkcλ(vb ∗ vc)]
where λ denotes the formal nonlinear intensity fac-
tor [1], which expresses the smallness of fluctuations, and
Pab(k) = δab−kakb/k2 and Pabc := (Pabkc+Packb)/2 are
defined as ordinary did [1]; (a ∗ b)(k, ω) := ∫ dqdΩa(k −
q, ω − Ω)b(q,Ω) represents the convolution of the ar-
bitrary functions a and b depending on the wavenum-
ber vectors k (or q) and the angular frequency ω (or
Ω); noises were rewritten as fa := ∂bs0ab/ρ0, fˆa :=
Pabfb, f
′ := ∂aga; Particularly, the noise fˆa has the fol-
lowing properties
〈fˆa(k, t)fˆb(k′, t′)〉 = Σ0k
2Pab(k)
(2π)d+1
δ(k+ k′)δ(t + t′),
Σ := 2ρ−1νT (20)
and governs the renormalizations, as shown later.
Eq. (20) is obtained based on the Stokes hypothesis
(5). The projection on the incompressible motions Pab
changes the noise property of fb to the solenoidal in fˆa.
Renormalized transportation coefficients are evaluated
by the mode-coupling analysis as follows. The kinetic
viscosity is evaluated at
νR(λe
−l)/ν0 = 1 +
λ20Σ0
2ν30
d2 − 2
d2 + 2d
1
(2π)d/2Γ(d/2)
×
∫ Λ
Λe−l
dqqd−3 +O(λ4, k, ω)
→∞ (d ≤ 2, l→∞). (21)
where Γ(.) is the Gamma function, and R represents the
index of renormalized values of the corresponding coef-
ficients at the wavelength scale Λe−l. Eq. (21) shows
absolutely the same result as that of the incompressible
fluids [1]. The rigidity is then found to be irrelevant for
the renormalization into the kinetic viscosity ν at least
in this setting. It suggests that the observed viscosity
in low-dimensional solids diverges in the thermodynamic
limit, as shown in the incompressible fluid [1].
On the other hand, the heat diffusion coefficient is eval-
uated at
DR(λe
−l)/D0 = 1 +
λ2Σ0D0(d− 1)
2(2
√
π)dΓ(d/2 + 1)ν0
(22)
×
∫ Λ
Λe−l
dqqd−1
D0(ν0 +D0)q2 + Y0
+O(λ4, ω, k).
It is noticed that the rigidity (Y0 = µ0/ρ0) yields the cut-
off of the anomalous heat conduction. Because the size
dependence of the specific heat (∂T/∂e)ρ (of constant
mass density) being a thermodynamic quantity is negli-
gibly small, so that the renormalized heat conductivity
giving D := κ(∂T/∂e)ρ is obtained as
κR(λe
−l)/κ0 = DR/D0 = 1 +
λ2Σ0(d− 1)
2(2
√
π)dΓ(d/2 + 1)ν0
×
∫ Λ
Λe−l
dqqd−1
D0(ν0 +D0)q2 + Y0
+O(λ4, ω, k)
<∞ (Y0 > 0, l →∞). (23)
Eq. (23) shows that the anomaly cutoff caused by the
elastic shear resistance represented by the rigidity. The
renormalized heat conductivity in the thermodynamic
limit l → 0 diverges only in the zero rigidity limit
Y0 = µ0/ρ0 → 0, corresponding to the case of the in-
compressible fluids [1].
Given this truncation of the increase in the heat con-
ductivity and the dynamic renormalization-group study
of the fluids [1, 12], the following relation is suggested in
the (momentum-conserving) two-dimensional solids;
κ(N) ∼ log(min[N,N∗]). (24)
where N∗ denotes the characteristic number of particles
at which the dissipative shear stress and elastic one are
7balanced, given as
N∗ ∼
√
[νR(L(N∗)) +DR(L(N∗))]DR(L(N∗))
Y0
, (25)
as done in [18] for one-dimensional fluids, where L(N)
is the characteristic length when the number of particle
is N . The recovery of Fourier’s law occurs at large sizes
(N ≫ N∗) where the restoring force dominates the mo-
tion. This predicted size dependence of the heat conduc-
tivity is reexamined in the next dynamic renormalization-
group analysis.
C. Dynamic Renormalization-Group Analysis
As in one dimensional-fluids/solids studied in [18], the
mode-coupling result on the renormalized heat conduc-
tivity is shown to converge to a constant value even in
two-dimensional models, when the elastic interactions
are satisfactorily imposed. In order for clearing up the
intrinsic differences between the fluids ordinarily stud-
ied [1, 10, 36] and solids (and one-dimensional fluids)
shown above and in [18], below, I study the flow of the
dynamic renormalization-groups of the the model equa-
tions, (15) and (16).
Around d = 2, the flow of the dynamic
renormalization-group is investigated by using the fluc-
tuating incompressible solids Eq. (15). More explicitly
comparing the results of incompressible solids (Eq. (15))
and fluids [1], I choose the passive scalar limit, corre-
sponding to ρ0 → 0 in Eq. (15);
∂tψa = va, ∂ava = 0
∂tva + ∂b(vavb) = −∂aδp+ Y0∆ψa + ν0∆va + ∂bs′0ab
∂tδe+ ∂a(δeva) = D∆δe + ∂ag0a (26)
The difference from this and the incompressible fluids [1],
is only the elastic shear response Y0∆ψa and the energy
current fluctuations g0a. Note that g0a is neglected in
the previous study [1] for technical simplicity, and the
following results are indeed independent of the presence
or absence of g0a so that the difference in ga is irrelevant
to compare the following analysis and that in [1]. The
intrinsic difference is thus Y0∆ψa only.
At d = 1, the incompressible condition is not applica-
ble to the systems providing the normal heat conduction
in the previous studies [18]. Instead of Eq. (15), the mod-
ified Burgers model Eq. (16) [18] is studied as a model
system (d = 1) in the passive scalar limit;
∂tδρ+ ∂xu = 0
∂tu+ ρ
−1
0 ∂xu
2 = −Y0∂xδρ+ ν0∆u+ ∂xs (27)
∂tδe+ ρ
−1
0 ∂xuδe = D∆δe+ ∂xg.
where Y := (∂P )/(∂ρ)e denotes the square of the longi-
tudinal wave speed; it is different from Y0 of Eq. (15)
representing the square of the transverse wave speed.
Eq. (27) corresponds to the noisy Burgers equation with
small (temperature independent) pressure fluctuations
with the passive scalar on the fluid [18]. The term pro-
portional to Y0 clears up the pressure-induced change
in the ordinarily studied noisy Burgers equations [18].
Note that the calculation in [18] made a mistake in the
renormalized variance of the random shear stress (See
the Appendix B), and (wrongly) broken FDR after the
renormalization becomes the driving force to a nontrivial
fixed point they found (called the ballistic fixed point).
The mistake in [18] is corrected below.
The existence of the ballistic scaling [18] is also revis-
ited later in a corrected way. It explains the previous
numerical result that the scaling predicted by the ballis-
tic fixed point was detected in a model system providing
the recovery of Fourier’s law [18].
1. Dynamic Renormalization-Group Analysis of
Incompressible Solids
In the dynamic renormalization-group, the following
two procedures are repeated alternately. One is the elim-
ination of the shell Λe−l < k < Λ. The phenomeno-
logical constants are renormalized as (ν0,Σ0, D0) →
(νR,ΣR, DR), where the changes are of O(Λl) (See the
Appendix A). The other is the rescaling, where the
wavenumber is rescaled as k → k′ := k exp(l) to keep
the total sphere diameter at Λ and the angular frequency
is scaled as ω → ω′ := ω exp(∫ dlz(l)) to rescale νR to
ν0 so as to the substantial kinetic viscosity constant; the
validity on the choice of z is revisited later. The vari-
ables (v, δe) are also rescaled to keep the characteris-
tic intensity of fluctuation (temperature) as (v, δe) →
(v′, δe′) := (v, δe) exp(− ∫ dl(z + d/2)). These rescalings
modify the values of coefficients in the rescaled coordi-
nates, as (νR,ΣR, DR) → (νR,ΣR, DR) exp(
∫
dl(z − 2)).
Their alternate repetitions determine the flow of the dy-
namic renormalization-group of the phenomenological co-
efficients (ν,Σ, D) in the renormalized and rescaled equa-
tions. The flow is given by the differential form of the
renormalization group;
dν
dl
= ν(z − 2 +Adλ¯2)
dΣ
dl
= Σ(z − 2 +Adλ¯2)
dλ
dl
= λ(z − 1− d/2) (28)
dY
dl
= Y (2z − 2)
dD
dl
= D
(
z − 2 + (d− 1)K˜d
κ¯(1 + κ¯) + Y¯
λ¯2
)
where λ¯ := λ
√
ΣΛd−2/ν3, Y¯ := Y/(νΛ)2, κ¯ :=
κ(∂P/∂e)ρ/ν are non-dimensionalized coefficients, and l
in the differential forms represents the (rescaled) accu-
mulations of the eliminated shell thickness Λl per Λ; two
8dimension-dependent non-dimensional constants Ad and
Kd are introduced as in [1], given as
Ad :=
d2 − 2
(d2 + 2d)(2
√
π)dΓ(d/2)
(29)
K˜d := (2(2
√
π)dΓ(d/2 + 1))−1, (30)
Note that K˜d corresponds to Kd/d in [1]; although the
explicit form of K˜d (Kd/d) is different by the factor 2
in the Eq. (30) and that of [1], this is not relevant for
the following discussions and so I do not discuss it here.
λ2 parts contained in Eq. (28) correspond to the renor-
malizations and the others correspond to the effects of
rescalings.
z is chosen ν to be fixed at the initial value as z =
2−Adλ¯2, and the flow is reduced to
dλ¯
dl
= λ¯(1− d/2−Adλ¯2)
dY¯
dl
= Y¯ (2 − 2Adλ¯2) (31)
dκ¯
dl
= κ¯λ¯2
(
−Ad + (d− 1)K˜d
κ¯(1 + κ¯) + Y¯
)
.
This is the RG flow of the equations (15). The value of
κ¯ expresses the ratio between κ and ν because the sys-
tem size dependence of the heat capacity is negligible, as
mentioned earlier. In d <
√
2, this flow does not have
any nontrivial fixed points with a real λ¯ value, and thus
cannot work to predict anomalous transports seen in the
simulations at d = 1. This would reflect the rigid body
behavior in one dimensional incompressible systems. In-
deed in the incompressible one-dimensional systems, the
momentum change is exactly zero and the energy current
exactly obeys the normal diffusion equation, as noticed
from Eq. (15). I thus focus the analysis on
√
2 < d ≤ 2,
where the anomalous heat conduction is predicted as long
as the elastic shear resistance is not imposed.
In d < 2, the trivial fixed point λ¯ = 0 is unstable when
the flow is perturbed to the λ¯ direction. Since the renor-
malization starts with λ > 0, λ¯ converges into the stable
fixed point λ¯∗ :=
√
(1− d/2)/Ad at l ≫ 1. The conver-
gence progresses exponentially rapidly as l increases. At
λ = λ∗, it has two typical behaviors. One is the fixed
point for zero rigidity limit Y¯ → 0,
(µ/(ζΛ)2, κcT /ν) = (0, const(> 0)) (32)
where the heat capacity (of the constant mass density)
(∂T/∂e)ρ is rewritten as cT and non-dimensionalized κ¯
is explicitly written as κcT /ν for presenting its simple
meaning; the positive constant const is estimated at
κ¯ ∼
√
(d− 1)K˜d/Ad by using (d − 1)K˜d/Ad ≫ 1. This
fixed point is the previously known fixed point of the
anomalous heat conduction [1]. However, when the rigid-
ity is nonzero, this fixed point Eq. (32) becomes unstable,
because Y¯ grows up exponentially as Y¯ ∼ Y¯0 exp(ld) at
l ≫ 1 (because 2 − 2Adλ¯2 ∼ d) and then κ¯ decays ex-
ponentially as κ¯ ∼ exp(−Adλ¯2l). The truly stable fixed
point when Y¯ > 0 is
(µ/(ζΛ)2, κcT /ν) = (∞, 0). (33)
κcT /ν means the breakdown of the hyper-scaling between
the kinetic viscosity and the heat conductivity, and cor-
responds to the recovery of Fourier’s law shown earlier in
the mode-coupling analysis.
The case of d = 2 is slightly delicate because the non-
trivial fixed point of λ¯ degenerates to the trivial one
λ¯∗ → 0. The convergence of λ¯ to the stable fixed point
becomes
λ¯ = 1/
√
2Adl+ 1, (34)
much slower than exponential decays in d < 2, where I
used λ0 = 1. This slow inverse square-root decay yields
the necessity to consider the transient behavior of λ¯ in
the following analysis. Previous works [1] revealed a non-
trivial value κ¯ in d = 2 with Y¯ = 0,
(µ/(ζΛ)2, κcT/ν) = (0, (1 +
√
17)/2). (35)
Note that becuse the coefficient K˜d of ours is slightly
different (factor 2) from that of [1], the value of κ¯ in the
above estimate is deviated from that of [1], yet discussing
such a subtle factor is out of the scope of this study. On
the other hand, as long as Y¯ 6= 0 at the initial condition,
the exponential growth of Y¯ ∼ Y¯0 exp(2l) occurs even in
d = 2 as l increases. In this case Y¯ 6= 0, the evolution of
κ¯ is estimated at
κ¯ ∼ κ¯0/(1 +
√
l/l∗). (36)
in the asymptotic ranges, l → 0 and l → ∞, where l∗
represents the characteristic scale balancing κ¯(κ¯+1) and√
Y in the denominator of a term contained in the flow for
the heat diffusion coefficient D in Eq. (31); λ¯ ∼ 1/√2Adl
at l ≫ 1 (obtained from Eq. 34) is used to obtain this
estimate. Eq. (36) means the slow convergence into the
fixed point
(µ/(ζΛ)2, κcT /ν) = (∞, 0). (37)
The rigidity-induced cutoff of the anomalous heat con-
duction thus still remains in d = 2 as long as Y¯ 6= 0,
meaning the existence of the elastic shear resistance.
I finished obtaining the result in the rescaled coordi-
nate. This is connected to the real coordinate values
last (Fig. 1, left panel). I here focus on d = 2. The di-
mensional variables are scaled to the original values by
divided by coefficients of the rescaling. For example, the
wavenumber is scaled as k(l) = Λ0 exp(−l). The an-
gular frequency is scaled as ω(l) = ω0 exp(−
∫
dlz(l)).
The kinetic viscosity is scaled as νR(Λ exp(−l)) =
ν(l) exp(− ∫ dl(z(l)−2)) = ν0 exp(− ∫ dl(z(l)−2)), where
I used ν is unchanged in the flow (Eq. (31)). Since
z = 2−Adλ¯2 asymptotically reaches to 2− 1/(2l) due to
9λ¯ ∼ 1/√2Adl obtained earlier (Eq. 34), the explicit form
of the renormalized kinetic viscosity is given as
νR(Λ exp(−l)) ∼ ν0
√
l, (38)
at l ≫ 1, or equivalently [1],
νR(k) ∼ ν0
√
ln(Λ0/k). (39)
On the other hand, by using Eqs. (36), (38), and ν(l) =
ν0, the heat conductivity is shown to satisfy
κRcT /ν0 ∼ (κ0cT /ν0)
√
l/(1 +
√
l/l∗), (40)
or equivalently,
κR(k) ∼ κ0
√
ln(Λ0/k)
1 +
√
ln(k∗/k)
, (41)
where k∗ := Λ0 exp(−l∗). This roughly means
κR(k) ∼ κ0
√
ln(Λ0/max(k, k∗)) (42)
in the asymptotic behaviors at k∗ ≪ k ≪ Λ0 and k ≪ k∗.
The cutoff of the divergence arises in the renormalized
heat conductivity, due to the breakdown of the hyper-
scaling between the heat conductivity and kinetic viscos-
ity as above. Note that the size dependencies of renor-
malized coefficients are satisfactory given in the angu-
lar frequency (ω) domain as νR(ω), κR(ω) as previously
known in the case of the heat conductivity [12]. By using
the scaling relation that the angular frequency is propor-
tional to the power of the wavenumber asymptotically
(ω ∝ k2), the followings are obtained;
νR(ω) ∼ ν0
√
ln(ω0/ω) (43)
κR(ω) ∼ κ0
√
ln(ω0/max(ω, ω∗)), (44)
where ω∗ := ω0(k/Λ0)
z (∼ ω0(k/Λ0)2) is the cutoff an-
gular frequency scale, and ω0 is a value of the angular
frequency giving κR(ω0) = κ0. The same logarithmic
dependencies arise in the frequency domain.
Fig. 1 (left) shows an example of such breakdown of
the hyperscaling in the angular frequency scale. The di-
vergence is shown to be slightly faster than the square-
root logarithmic [1] because of the neglectedO(l−1) term.
Except for such subtle difference in the behavior of diver-
gence, the exact flow of the renormalization group is met
to the above analytically obtained asymptotic behaviors.
The breakdown of the hyper-scaling can be seen in Fig. 1
(left) as well. The increase of the heat conductivity is
saturated, and it means the recovery of Fourier’s law.
2. Dynamic Renormalization-Group Analysis of
One-Dimensional Solids/Fluids
With the same procedure, the following is obtained in
the case of Eq. (27)
dν
dl
= ν(z − 2 + λ¯2/(2π))
dΣ
dl
= Σ(z − 2 + λ¯2/(2π))
dλ
dl
= λ(z − 3/2) (45)
dY
dl
= Y (2z − 2)
dD
dl
= D
[
z − 2 + λ¯
2
2π
1
κ¯(1 + κ¯) + Y¯
×
(
5
2
− κ¯(1 + 3κ¯)
κ¯(1 + κ¯) + Y¯
)]
.
The results other than that for Σ is the same as [18]; the
mode-coupling analysis in [18] was checked to be accurate
concerning the transportation coefficients. The result of
Σ is corrected (See the Appendix B) as mentioned earlier,
and FDR is consequently naturally preserved after the
renormalization for arbitrary choice of z.
The value of z is at z = 2 − λ¯2/(2π) in order for ν to
be fixed at the initial value as in the above analysis for
the incompressible solids. The flow is then reduced to
dλ¯
dl
= λ¯
(
1
2
− λ¯
2
2π
)
dY¯
dl
= Y¯ (2− λ¯2/π) (46)
dκ¯
dl
=
κ¯λ¯2
2π
[
−1 + 1
κ¯(1 + κ¯) + Y¯
×
(
5
2
− κ¯(1 + 3κ¯)
κ¯(1 + κ¯) + Y¯
)]
.
The reduced flow (Eq. (46)) has two typical fixed
points similar to those of the incompressible solids of
d > 1 keeping the nonlinear intensity constant as λ¯ =√
π (z = 3/2);(
1
(νΛ)2
(
∂P
∂ρ
)
e
,
κcT
ν
)
= (0, const(> 0)) (47)
and (
1
(νΛ)2
(
∂P
∂ρ
)
e
,
κcT
ν
)
= (∞, 0). (48)
As in the incompressible solid cases, the former is sta-
ble only when Y¯ = 0, and the latter becomes stable
otherwise (at Y¯ > 0). The nonzero value of the longi-
tudinal wave speed before the renormalization
√
Y > 0
is required from the thermodynamics, and thus the re-
covery of Fourier’s law unavoidably occurs in in this one-
dimensional model setting.
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FIG. 1. Predicted ratios (νR/ν0 and κR/κ0) of the renormalized transportation coefficients (νR and κR) to the bare transporta-
tion coefficients (ν0 and κ0) in the angular frequency scale ω, indicating the breakdown of the hyper-scaling between the kinetic
viscosity and the heat conductivity, which means the recovery of Fourier’s law; ω/ω0 = exp(−
∫
dlz), νR/ν0 = exp(−
∫
dl(z−2))
κR/κ0 = κ¯νR/ν0 are given by the flows of the dynamic renormalization-group as the functions of l and the selected initial
conditions (λ¯0, κ¯0, Y¯0). (Left) The renormalized transportation coefficient in two-dimensional incompressible solids governed
by Eq. (31) with d = 2, starting from the initial condition set at (λ¯0, κ¯0, Y¯0) = (1, 1, 10
−4). The flow is given by Eq. (31) with
d = 2. (Right) The renormalized transportation coefficient in one-dimensional solids/fluids governed by Eq. (27) starting from
the initial condition set at (λ¯0, κ¯0, Y¯0) = (1, 1, 10
−3). The flow is given by Eq. (46).
As in the similar way to that in the case of the in-
compressible solid shown earlier, the kinetic viscosity and
heat conductivity in the angular frequency domain in the
real coordinate are given as
νR(ω) ∼ ν0(ω/ω0)−1/3 (49)
κR(ω) ∼ κ0(max(ω, ω∗)/ω0)−1/3 (50)
Note that the explicit value of ω∗ is given as ω∗ ∼
ω0(k∗/Λ0)
3/2 at l ≫ 1, which is modified from that in
two-dimensional incompressible solid cases due to the
change in the asymptotic value of z (z = 2 → 3/2).
The size dependent values of transportation coefficients
νR(L) and κR(L) at the size scale L are given by νR(ω)
and κR(ω) at the time scale L/c (ω = 2πc/L in the angu-
lar frequency scale) for the sound wave to pass through
the medium at the sound speed c;
νR(ω) ∼ ν0(Lω0/(2πc))1/3 (51)
κR(ω) ∼ κ0(min(L,L∗)ω0/(2πc))1/3 (52)
where L∗ := c/ω∗ denotes the characteristic scale of the
cutoff.
Fig. 1 (right) shows an example of the flow analyzed
here. After the overhangs, the kinetic viscosity and heat
conductivity diverges in proportion to the power of ω
(ω−1/3) at the initial stage of the renormalization in the
small angular frequency ranges ω ≫ ω∗. At the later
stage of ω ≪ ω∗, the breakdown of the hyper-scaling
between the kinetic viscosity and the heat conductivity
becomes noticeable. It provides the saturation of the
increase in the value of the heat conductivity, that is the
recovery of Fourier’s law.
3. Ballistic Scaling in Solids and Scaling Crossover in
Low-Dimensional Momentum-Conserving Solids
The above analyses showed that the flows of the dy-
namic renormalization-groups of fluids largely changed
when the elastic responses are imposed. Moreover, when
the coordinate is rescaled so as to keep the kinetic viscos-
ity at a constant value, it is found that nonzero Y¯ (cor-
responding to the square of the phase velocities) diverge.
This means that the macroscopic solids are dominated
by the elastic response parametrized by Y¯ .
It is thus interesting to clarify the corresponding scal-
ing of z to keep the coefficient Y¯ , showing the strongest
divergence, at a constant value, because such a time scale
is providing the scaling of the leading order terms domi-
nating the macroscopic motions. Such a scaling is found
to be z = 1 (called the ballistic scaling hereafter) from
both Eqs. (28) and (45), providing the ballistic disper-
sion relation (k ∼ ω). When z = 1, other coefficient
ν,Σ, λ,D reach to 0 at exponential speeds following the
increase of l. This means that the nonlinear streaming
terms and the thermal fluctuations become irrelevant at
the long wavelength motions when the elastic motions
are imposed.
z = 1 shown above will be related to the fixed point
breaking the hyper-scaling between the kinetic viscosity
and the heat conductivity (Eqs. (37) and (48)) and thus
to the recovery of Fourier’s law. This is because the size
to begin breaking the hyper-scaling between κ and ν is
determined by the wavelength changing the dispersion
relation from the dispersive one to the ballistic one, as
Y¯ ∼ κ¯(1 + κ¯). Indeed, the ballistic scaling z = 1 are
observed in the numerical study on the spatiotemporal
autocorrelation functions of the diagonalized currents of
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mass, momentum, and energy in one-dimensional sys-
tems [18] at the system size and the strain value (pres-
sure) providing the recovery of Fourier’s law. Note that
this does not mean the ballistic heat transport [37] pro-
portional to the temperature difference between thermal
reservoirs (not proportional to the heat gradient) result-
ing in the exponent α = 1; such a behavior is particu-
larly seen in the integrable systems made of linear (or
weakly nonlinear) interactions such as the homogeneous
harmonic chains [38]. As shown in the result setting
z = 3/2 one-dimensional model (45) (and z = 2 in (28) of
d = 2), the heat conductivity is decoupled with the mo-
mentum propagations and the heat conductivity is kept
finite.
The above scaling-crossover-based explanation of the
recovery of Fourier’s law predicts the size where the
anomalous increase of the heat conductivity is saturated.
From the balance condition Y¯ ∼ κ¯(1 + κ¯) in the de-
nominator of dκ¯/dl common in the flows of the dynamic
renormalization-groups for the one- and two-dimensional
solids (Eq. (45) and Eq. (28) of d = 2), the following
condition is satisfied around the size showing the scaling
crossover √
Y¯ /κ¯ ∼ 1, (53)
near the fixed point of the anomalous heat conduction;
to obtain this relation, I utilized the property of the fixed
point of the anomalous heat conduction that ν is on the
order of κcT there, neglecting the prefactor on the or-
der of one (denoted by const in the previous subsection).
Eq. 53 is explicitly written as
(vacoustic/k∗)/(κ∗cT ) ∼ 1, (54)
where k∗ is the wavenumber where the balance condi-
tion is satisfied, κ∗ is the saturated value of the heat
conductivity, and vacoustic :=
√
Y represents the lon-
gitudinal wave speed (that is the sound speed c) in
one-dimensional cases, and the transverse wave in two-
dimensional cases. Note that Λ(l) in the flow of the dy-
namic renormalization-group is rescaled and thus corre-
sponds to the wavenumber at the given value of l. While
the cutoff size scale L∗ in Eq. (52) is given by the function
of ω∗ implicitly depending on Λ0 and κ0, ω∗ can be esti-
mated as ω∗ = vacoustick, because of the ballistic scaling
ω ∝ k where the proportional coefficient is exactly given
as vacoustic by considering the dispersion relation in the
long wavelength scale. Eq. (54) hence provides the length
scale L∗ = 2π/k∗ to start the recovery of Fourier’s law;
L∗ ∼ 2πκ∗cT /vacoustic. (55)
Since κ at k∗ is almost saturated to the value in the
thermodynamic limit, κ∗ is replaced to the convergent
value. The convergent heat conductivity is evaluable by
the value κGK estimated by the Green Kubo formula in
the same (T, P ) condition under the periodic boundary
(corresponding to the sufficiently large samples) [18], and
thus Eq. (55) is replaced to
L∗ ∼ 2πκGKcT /vacoustic. (56)
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FIG. 2. Theoretical predictions Eqs. (56) and (57) compared
with the numerical experiments of FPU-β lattices in one di-
mension, where α = 1/3 is theoretically predicted [12]. (Top)
Heat conductivities of FPU-β lattices under some T and P
conditions, after [18]. The values of κ in [18] are obtained
by the direct measurements of the heat conduction where the
local values of the temperature are given by the polygonal-
line fits of the temperature profiles; in the setting of [18],
the heat conduction is driven by two thermostats interacting
small numbers of particles at the edges of the system; the
values of κGK were obtained by the appropriate choices of
the interparticle strains so as to get the given pressure val-
ues. (Bottom) The scaled data contained in the top panel,
well aligned along the theoretically predicted line Eqs. (57)
and (57) where L is translated to N and the characteristic
acoustic speed vacoustic is given by the sound speed c.
In addition, Eqs. (44) and (52) are rewritten as
κ(L) ∼ κGK [min(L/L∗, 1)]α. (57)
These relations (Eqs. (56) and (57)) hold in both the one-
and two-dimensional solids studied in this paper.
It is noteworthy that Eq. (56) is evaluable without any
direct measurements of the heat conduction under the
temperature gradient. cT and vacoustic are evaluated in
the equilibrium states by using the equilibrium statistical
mechanics; the way to evaluate them in the case of the
lattice system is detailed in [39]. κGK is also evaluable
in the equilibrium states.
The prediction of Eqs. (56) and (57) is tested by
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the one-dimensional FPU-β lattices (Fig. 2, top panel),
where α = 1/3 is theoretically predicted previously [12].
In the previous work [18], the heat conductivity was mea-
sured in FPU-β lattices of various sizes under the non-
equilibrium conditions conducting the heat, by using the
local value of the temperature gradient (estimated from
the polygonal lines fitted to the temperature profile) and
the heat current in the steady states. The values of the
heat conductivity in various system sizes are compared
with the heat conductivities estimated by Green Kubo
formula under two parameter sets T = 40, P = 23(22.5)
and T = 40, P = 78(77.6); the validity of such usage
of the Green Kubo formula to estimate the transporta-
tion coefficients in the local equilibrium is also detailed
in [18]. By using those results, the theoretical predictions
Eqs. (56) and (57) are tested.
The results are shown in Fig. 2 (bottom), where L
is translated to N . Data are collapsed to the predicted
master curve given by Eqs. (56) and (57), without any fit-
ting parameters. This scaling crossover, occuring longer
wavelength regimes than that of the anomalous trans-
port α = 1/3 theoretically predicted, is in contrast to
the previously known apparent recovery of Fourier’s law
occuring in the intermediate regime of the ballistic one
α = 1 and the anomalous one α = 1/3 [22]. The theory
and numerics consistently suggest the new class providing
the recovery of Fourier’s law occuring in the momentum-
conserving solid systems beyond the previous theories
predicting the anomalous heat conduction.
IV. DISCUSSION
Fourier’s law arose in the momentum-conserving solids
both in one- and two-dimensional cases. The correspon-
dence of such results with previous works is discussed
last.
Two model systems Eqs. (31) and (46) have demon-
strated the universal aspects of the recovery of Fourier’s
law in low-dimensional momentum-conserving solid sys-
tems, where elastic restoring forces play the intrinsic roles
of competing with the dissipations. The intrinsic feature
in the calculation is seen in dimension-independent part
of the velocity field Green’s function G0 = iω + ν0k
2 →
iω + [ν0 + Y0/(iω)]k
2 of the incompressible solids (A21);
the same arises in the velocity field Green’s function in
the modified Burgers model with small pressure Eq. (16)
(See [18]). The difference between the solids and fluids is
in the change of poles of velocity fields made by nonzero
wave propagation speeds. Because of this change, the
poles of velocity Green’s function do not coincide with
that of energy Green’s function anymore. This makes
the convergence of the heat diffusion coefficient in the
mode-coupling analysis. In the sense that the long-range
interactions truncate the massless behavior of systems,
this mechanism of the recovery of Fourier’s law may be
similar to the Anderson Higgs mechanisms of the super-
conductivity caused by electromagnetism [40].
Indeed, the recovery of Fourier’s law is reported in
some systems of long range interactions by a quite recent
repot [41]. This is analogous to the result in this paper
that the emergence of the long-range interaction in the
semi-macroscopic scale causes the recovery of Fourier’s
law, although such long-range interaction can emerge in
semi-macroscopic scales even when the long-range inter-
action is not assumed in microscopic scales.
Such competition between reversible restoring forces
and dissipative forces in the momentum transportations
unavoidably occurs in d = 1 because the pressure must
fluctuate following the change in the thermodynamic
quantities such as the internal energy; this is true both
in one-dimensional solids and fluids, because both share
the same governing equations. On the other hand, in
two-dimensional systems, shear motions have no restor-
ing forces in the fluids while the solids have. Hence the
recovery of Fourier’s law will be the special features of the
solids following the elastic order in the two-dimensional
cases. This will consistently explain the relation be-
tween the two-dimensional incompressible fluids showing
the anomaly [1] and one dimensional fluids with pressure
showing the recovery [18], while these were apparently
conflicting in the previous studies; the existence of the
pressure is not the sufficient condition to yield the re-
covery of Fourier’s law in d 6= 1, where the elastic shear
response is needed to inhibit the anomalous heat conduc-
tion.
The recovery of Fourier’s law can be quite universal
features of low-dimensional solids, yet the results shown
in this paper may contain the oversimplification. Indeed,
while the analytical results of this paper can explain the
recovery of Fourier’s law and the related change in z nu-
merically detected [18], it cannot explain the sustained
anomalous heat conduction in FPU-β lattices under zero
pressure conditions detected in [18] as well. Proba-
bly, when the flow of the dynamic renormalization-group
is explicitly obtained for the fluctuating elastodynamic
equations without any approximations, the phase dia-
gram in the thermodynamic limit will be obtained so as
to separate the low acoustic-wave-speed regime of the
anomalous heat conduction [2], and the high acoustic-
wave-speed regime of the normal heat conduction [18].
From the results of this paper, the critical acoustic-wave-
speed is estimated at 0, which is too small to explain the
numerical results [18]; in the previous semi-macroscopic
theories, such a critical value is supposed not to be exist,
that is estimated at ∞. The true value will be obtained
from more careful consideration.
I emphasize for the numerical detection of the crossover
from α = 1/3 to 0 as in Fig. 2 that this scaling crossover
is distinct from the apparent recovery of Fourier’s law oc-
curing in the intermediate of the ballistic transport α = 1
and the anomalous transport α = 1/3 [22]. Such appar-
ent convergence is also captured in the renormalization
group (Fig. 1, right panel) at quite high angular frequen-
cies ω ∼ ω0; the apparent convergent value is then inter-
preted as the bare parameter κ0 of the heat conduction.
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The scaling crossover shown in this paper occurs at the
larger sizes than those indicating the anomalous trans-
port of α = 1/3, as shown in Fig. 2.
Previous works [12, 31] claimed the existence of the
nontrivial fixed point showing the anomalous heat con-
duction in one-dimensional systems by using the full form
of the fluctuating hydro/elastodynamic equations. How-
ever, they [12, 31] consistently assumed the hyper-scaling
between the kinetic viscosity and heat conductivity. The
mechanism of the recovery of Fourier’s law studied in this
paper is the breakdown of such a hyper-scaling, so that
the analysis shown in this paper is not conflicting with
their results. The study of [29], obtaining the asymptotic
autocorrelation functions of the currents in the fluctuat-
ing hydrodynamic equations, also assumed the scaling
of z = 3/2 of the anomalous heat conduction when ob-
taining the asymptotic correlation functions. As shown
earlier, however, the leading order of the macroscopic
motions changes from z = 3/2 to z = 1 when the nor-
mal heat conduction occurs in the way predicted by this
study. Indeed, the numerical analysis of the FPU-β lat-
tices by [18] observed the scaling crossover from z = 3/2
to z = 1 in the current autocorrelation functions as the
volumetric strain (and pressure) increases to satisfactory
values resulting in the recovery of Fourier’s law. There-
fore, the results shown in this paper is also not conflicting
with the study of [29] and settles the discrepancy between
the theory of [29] and the numerics in [18].
Recently, the recovery of Fourier’s law has been re-
ported in two-dimensional simulations [42] while it is con-
sidered to show the logarithmic divergence of the heat
conductivity [1, 43]. The mechanism of the recovery of
Fourier’s law may be classified as done in one dimensional
cases [18]. It is noteworthy that the semi-macroscopic
theories proposed in this paper is distinct from that for
the thermally activated dissociations [18, 27], the theory
of which is shown and tested in [18].
Experimental verifications of anomalous transports
in low-dimensional systems have been now rapidly
progressed by using carbon-nanotubes and graphene
sheets [4, 7]. The analysis of this paper clarified the
significance of the elastic (shear and volumetric) resis-
tance, and thus these solid systems are expected to show
the saturation of the anomaly. It would be intriguing
to experimentally capture such a recovery of Fourier’s
law occurring at the larger sizes that size ranges of the
anomalous transport, as predicted by the analysis of this
paper (Eq. (57)).
V. CONCLUSION
To clarify the possibly existing mechanism of the re-
covery of Fourier’s law in momentum conserving systems
reported in previous molecular dynamic simulations, the
mode-coupling and dynamic renormalization-group anal-
yses are executed in some simplified model cases of the
fluctuating elastodynamic equations. One model case is
the incompressible cases widely accepted to show the di-
vergence of the transportation coefficients if the medium
is fluid. The other is the Burgers equation added small
pressure which is also known to show the anomalous
transportation as long as the pressure is negligible. The-
oretical predictions on the system size to begin the re-
covery of Fourier’s law are quantitatively examined by
the numerical experiments of the previous studies, and
the numerical data were collapsed to the predicted mas-
ter curve. The results consistently suggested that the
imposed reversible elastic forces can truncate the diver-
gence of the heat conduction so that Fourier’s law can
recover in low-dimensional solids even under the situa-
tions of the momentum conservation.
ACKNOWLEDGMENTS
The author gratefully acknowledges helpful discussions
with H. Hayakawa and S. Takesue, and encouraging sup-
ports with T. Hatano.
[1] D. Forster, D. R. Nelson, and M. J. Stephen, Physical
Review A 16, 732 (1977).
[2] S. Lepri, R. Livi, and A. Politi, Physics Reports 377, 1
(2003).
[3] S. Lepri, R. Livi, and A. Politi, in Thermal Transport in
Low Dimensions (Springer, 2016) pp. 1–37.
[4] A. A. Balandin, Nature materials 10, 569 (2011).
[5] S. R. De Groot and P. Mazur, Non-equilibrium thermo-
dynamics (Courier Corporation, 2013).
[6] U. Seifert, Reports on Progress in Physics 75, 126001
(2012).
[7] C.-W. Chang, D. Okawa, H. Garcia, A. Majumdar, and
A. Zettl, Physical review letters 101, 075903 (2008).
[8] X. Gu, Y. Wei, X. Yin, B. Li, and R. Yang, Reviews of
Modern Physics 90, 041002 (2018).
[9] K. Kawasaki and I. Oppenheim, Physical Review 139,
A1763 (1965).
[10] Y. Pomeau and P. Resibois, Physics Reports 19, 63
(1975).
[11] S. Lepri, R. Livi, and A. Politi, EPL (Europhysics Let-
ters) 43, 271 (1998).
[12] O. Narayan and S. Ramaswamy, Physical review letters
89, 200601 1 (2002).
[13] L. D. Landau and E. M. Lifshitz, Course of theoretical
physics, Theory of elasticity (Pergamon Press, 1986).
[14] M. Ernst, Physica D: Nonlinear Phenomena 47, 198
(1991).
[15] A. V. Savin and Y. A. Kosevich, Physical Review E 89,
032102 (2014).
14
[16] O. V. Gendelman and A. V. Savin, Physical review letters
84, 2381 (2000).
[17] J. Jiang and H. Zhao, Journal of Statistical Mechanics:
Theory and Experiment 2016, 093208 (2016).
[18] D. S. K. Sato, Phys. Rev. E 94, 012115 (2016).
[19] Y. Zhong, Y. Zhang, J. Wang, and H. Zhao, Physical
Review E 85, 060102 (2012).
[20] S. Chen, Y. Zhang, J. Wang, and H. Zhao, arXiv preprint
arXiv:1204.5933 (2012).
[21] S. G. Das, A. Dhar, and O. Narayan, Journal of Statis-
tical Physics 154, 204 (2014).
[22] S. Chen, J. Wang, G. Casati, and G. Benenti, Physical
Review E 90, 032134 (2014).
[23] R. Kubo, M. Toda, and N. Hashitsume, Statistical
physics II: nonequilibrium statistical mechanics, Vol. 31
(Springer Science & Business Media, 2012).
[24] G. Casati, J. Ford, F. Vivaldi, and W. M. Visscher,
Physical review letters 52, 1861 (1984).
[25] G. Casati and T. Prosen, Physical Review E 67, 015203
(2003).
[26] S. G. Das and A. Dhar, arXiv preprint arXiv:1411.5247
(2014).
[27] O. V. Gendelman and A. V. Savin, EPL (Europhysics
Letters) 106, 34004 (2014).
[28] Y. A. Kosevich and A. V. Savin, arXiv preprint
arXiv:1509.03219 (2015).
[29] H. Spohn, in Thermal Transport in Low Dimensions
(Springer, 2016) pp. 107–158.
[30] D. Barik et al., Physical Review E 99, 022103 (2019).
[31] T. Mai and O. Narayan, Physical Review E 73, 061202
(2006).
[32] L. Landau and E. Lifshitz, “Fluid mechanics (; oxford),”
(1987).
[33] W. G. Hoover, Computational statistical mechanics (El-
sevier, 2012).
[34] K. Saito and A. Dhar, Physical review letters 107, 250601
(2011).
[35] S.-i. Karato, Deformation of earth materials: an intro-
duction to the rheology of solid earth (Cambridge Uni-
versity Press, 2012).
[36] B. Drossel and M. Kardar, Physical Review B 66, 195414
(2002).
[37] D. Xiong, D. Saadatmand, and S. V. Dmitriev, Physical
Review E 96, 042109 (2017).
[38] Z. Rieder, J. Lebowitz, and E. Lieb, Journal of Mathe-
matical Physics 8, 1073 (1967).
[39] H. Spohn, Journal of Statistical Physics 154, 1191
(2014).
[40] I. J. Aitchison and A. J. Hey, Gauge Theories in Par-
ticle Physics: A Practical Introduction, Volume 2: Non-
Abelian Gauge Theories: QCD and The Electroweak The-
ory, Vol. 2 (CRC Press, 2012).
[41] P. Di Cintio, S. Iubini, S. Lepri, and R. Livi, arXiv
preprint arXiv:1901.04601 (2019).
[42] A. Savin, V. Zolotarevskiy, and O. Gendelman, EPL
(Europhysics Letters) 113, 24003 (2016).
[43] A. Lippi and R. Livi, Journal of Statistical Physics 100,
1147 (2000).
Appendix A: Outlines of Renormalization
Techniques
The renormalization techniques are shown below. The
observed (renormalized) transportation coefficients are
evaluated in the given sizes/wavelengths after the elim-
ination of thermal noises of the shorter wavelengths, by
using the renormalization techniques on the governing
equations.
Note that the exponent of the size dependence of trans-
portation coefficients is intrinsically determined by the
cutoff time-scales, not by the cutoff length-scales [12].
However, our interest is concerning the rougher problem
whether the observed coefficients of large scales remain
finite or not. This difference on the time-scale and length-
scale is not important for our purpose.
As in the previous works [1], the energy density
and velocity (or the momentum density) are separated
at a wavelength Λe−l into longer wavelength variables
(v<, δe<) := (v, δe)θ(Λe−l − k) and the shorter wave-
length ones (v>, δe>) := (v − v<, δe − δe<). A limit
l → 0 corresponds to the thermodynamic limit. The
contributions from the shorter side to the longer side is
evaluated in the perturbative way made of two proce-
dures. One is the expansions of the shorter wavelength
variables (v>, δe>) about the formal nonlinear intensity
factor λ. The other is the substitution of it to the longer
side, written as (v>, δe>) =
∑
n λ
n(v>(n), δe>(n)). Since
the longer wavelength variables (v<, δe<) are not approx-
imated, the expansion of (v>, δe>) is substantially deter-
mining (v>, δe>) as a function of (v<, δe<). Substitution
of such longer-wavelength-driven short-wavelength vari-
ables is thus intuitively meant for extracting the inter-
actions between the longer-wavelength variables via the
short-wavelength variables.
Note that the perturbed equation in the long wave-
length (v<, δe<) =
∑
n λ
n(v<(n), δe<(n)) takes the same
form as the expanded shorter side one, except for the
Heaviside functions distinguishing the shorter side from
the longer side;
(v>(n), δe>(n)) = ((v(n))>, (δe(n))>) (A1)
(v<(n), δe<(n)) = ((v(n))<, (δe(n))<) (A2)
where (v(n), δe(n)) represents the n-th order of (v, δe) =∑
n λ
n(v(n), δe(n)) at the arbitrary wavenumber scales af-
ter the shorter wavelength side is expanded about λ.
The explicit forms of the expanded coefficients are re-
cursively determined from the lower order sides. The
expansions up to the second order is given as
v(0)a = Gfˆa (A3)
v(1)a = −iGPabc[(v>(0)b + v<b ) ∗ (v>(0)c + v<c )] (A4)
v(2)a = −2iGPabc[(v>(0)b + v<b ) ∗ v>(1)c ] (A5)
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and
δe(0) = gf ′ (A6)
δe(1) = −igka{(v<a + v>(0)a )
∗[δe< + δe>(0) + ρ0(δp< + δp>(0))]} (A7)
δe(2) = −igka{(v<a + v>(0)a ) ∗ (δe>(1) + ρ0δp>(1))
+ v>(1)a ∗ [δe< + δe>(0) + ρ0(δp< + δp>(0))]}.(A8)
The zeroth order reflects the original dynamics driven
by thermal noises and the first order includes two parts:
original dynamics of streaming terms and the noise terms
in the shorter wavelength sides renormalized into the
thermal fluctuations of the longer wavelength sides. The
second order yields the renormalization into transporta-
tion coefficients and enthalpy fluctuations. The third or-
der corresponds to the renormalization into the nonlin-
earity, but is known to be canceled out [1, 12, 31].
Each renormalization is executed by the absorption
of the finite perturbations came from the elimination
of the short wavelength thermal fluctuations into the
corresponding terms. Such elimination is expressed
by the noise average in the short wavelength, denoted
by 〈〉>. The perturbation order is formally given as
O(λ2n), (, n = 1, 2, ...). Note that the variables in the
long wavelength is treated without any approximations
through this renormalization process.
The scope of this study is to evaluate the renormal-
ization into transportation coefficients, which is explic-
itly shown below. The lowest renormalization into trans-
portation coefficients comes from v(2), e(2) (A5), (A8) as
〈v<(2)a 〉> = −4GPabc[(σ>Pbe) ∗ (G>Pcde)]v<d
+O(v<3) (A9)
〈δe<(2)〉> = −gka[(σ>Pab) ∗ (g>kb)]δe<
+O(ρ0δp<, (v<)3, δe(v<)2) (A10)
σ := 〈v(0)a v(0)b 〉/(Pabδ(k + k′)δ(ω + ω′))
= |G|2k2. (A11)
To obtain Eq. (A10), the following relations are useful;
〈v(0) ∗ v(0)〉, 〈δe(0) ∗ δe(0)〉 ∝ δ(k), 〈v(1)〉> = O((v<)2)
and 〈δe(1)〉> = O((v<)2, v<δe<). Cubic or higher-order
terms not included in the original equation is simply ne-
glected to evaluate the renormalized transportation coef-
ficients; in the dynamic renormalization-group technique,
the coordinates are rescaled so that those terms are negli-
gibly small. Although O(ρ0δp<) terms are renormalized
into the pressure fluctuation term of the energy currents,
I omit to show the explicit form of it because it is out of
the scope in this study.
1. Mode-Coupling Analysis
The lowest order perturbation is calculated in the
mode-coupling analysis. The lowest order renormaliza-
tion to the transportation coefficients, shown in the pa-
per, are contributed from the convolutions in (A9) and
(A10) These are explicitly calculated below.
First, the renormalization into the kinetic viscosity
contained in (A9) is calculated. The renormalization in
(A9) includes the following convolution;
(σ>Pbe) ∗ (G>Pcfe) (A12)
=
∫
Λ>q±>Λe−l
dq
Σ0
(2π)d
Pbe(q
+)(q+)2Pcfe(−q−)F
F :=
∫
dΩ
2π
|G|2(q+,Ω)G(−q−, ω − Ω)
= i
∑
±
Res[|G|2(q+,Ω)G(−q−, ω − Ω),
Ω =
iν0(q
+)2
2
±
√
(q+)], (A13)
where Res(f,Ω) denotes the residue of f at Ω, and
q± := q±k/2, √(q) :=
√
−ν20q4/4 + Y0q2 are defined for
simply showing the result. To evaluate the asymptotic
behavior in the long wavelength, F is expanded about
(ω, k). By using
G∗(q+,
iν0(q
+)2
2
±
√
(q+)) = (2ν0(q
+)2)−1 (A14)
G∗(q−, ω − iν0(q
+)2
2
∓
√
(q+)) = (2ν0q
2)−1
×
[
1 +
ω ∓ ∂q√ · k
iν0q2
+
ω − iν0q · k∓ ∂q√ · k
−iν0q2 ∓ 2√
]
+O(ω2, ωk, k2) (A15)
iν0(q
+)2/2 +±√(q+)
±2√(q+) =
√± iν0q2/2
2
√ (A16)
×
(
1− ∂q
√ · k
2
√ +
∂q
√ · k± iν0q · k
2
√± iν0q2 +O(k
2)
)
,
the following is shown;
(q+)2F =
1
4ν0q2
(1 + ω/(iν0q
2) +O(k2, ωk, k2)).(A17)
Finally, after (A17) is substituted to (A12), the rotational
symmetry of the integration area cancels the terms of
O(1, ω, ω2) out, and the following is obtained,
(σ>Pbe) ∗ (G>Pcfe)
=
∫
Λ>q±>Λe−l
dq
Σ0
(2π)d
Pbe(q
+)Pcfe(−q−) 1
4ν0q2
+O(k2, ωk)
=
∫
Λ>q>Λe−l
dq
Σ0
(2π)d
Pbe(q
+)Pcfe(−q−) 1
4ν0q2
+O(k2, ωk). (A18)
This result is the same as that of the incompressible flu-
ids [1]. Therefore, the renormalization into the kinetic
viscosity in the incompressible solids (Eq. (15)) is un-
changed from that in the incompressible fluids, analyti-
cally obtained in [1]. After the directional integration of
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Eq. (A18), by substituting it to Eq. (A9) and renormaliz-
ing the finite perturbations into the kinetic viscosity, the
previous work [1] obtained the following;
νR/ν0 = 1 +
λ20Σ0
2ν30
d2 − 2
d2 + 2d
1
(2π)d/2Γ(d/2)
×
∫ Λ
Λe−l
dqqd−3 +O(λ4, k, ω)
→∞ (d ≤ 2, l→∞). (A19)
where R represents the index of renormalized values of
the corresponding coefficients. This result holds in the
case of Eq. (15), because Eq. (A18) is obtained both in
the case of the incompressible fluids [1] and the incom-
pressible solids (Eq. (15) studied in this paper.
The renormalization into the heat diffusion coefficient
corresponds to the δe-proportional terms in (A10). The
coefficient is evaluated as
[(σ>Pab) ∗ (g>kb)] (A20)
=
∫
Λ>q±>Λe−l
dq
Σ0
(2π)d
(q+)2Pab(q
+)(−q−b )F ′
F ′ :=
∫
dΩ
2π
|G|2(q+,Ω)g(−q−, ω − Ω) (A21)
= iRes[|G|2(q+,Ω)g(−q−, ω − Ω),
Ω =
iν0(q
+)2
2
±√(q+)]. (A22)
The calculation for the heat diffusion coefficient is then
continued in a similar way to that renormalizing the ki-
netic viscosity. A relation Pab(q
+)(−q−b ) = Pab(q+)kb is
useful for the expansion. By using
F ′ = (2ν0(q
+)2)−1
∑
±
√± iν0q2/2
2
√
1
ν0q2/2∓ i√+D0q2
+O(ω, k), (A23)
it is shown that
[(σ>Pab) ∗ (g>kb)]
= kb
∫
Λ>q>Λe−l
dq
Σ0Pab
(2π)d
1
2ν0
D0
D0(ν0 +D0)q2 + Y0
+O(ωk, k2)
= ka∆D/λ
2 (A24)
with
∆D :=
λ2Σ0D0(d− 1)
2(2
√
π)dΓ(d/2 + 1)ν0
×
∫ Λ
Λe−l
dq
qd−1
D0(ν0 +D0)q2 + Y0
+O(ω, k).(A25)
After the substitution of Eq. (A24) into δe(2) given by
Eq. (A10), δe< =
∑
n λ
n(δen)< is explicitly rewritten as
(g−1 +∆Dk2)δe< ≈ g−1(δe<(0) + λδe<(1)
+O(δp<)), (A26)
where ≈ represents the approximate equality neglecting
the cubic or higher order terms and δe<(2) − 〈δe<(2)〉>
which is capable of contributing to the variance of the
random heat current on the order of O(λ4). Renor-
malizing the finite perturbation in the left hand side
of Eq. (A26) into the heat diffusion coefficient D as
D0 → DR = D0 + ∆D + ..., the heat diffusion coeffi-
cient is evaluated at
DR = D0 +∆D +O(λ4). (A27)
2. Dynamic Renormalization-Group Analysis
The flow of the dynamic renormalization-group is con-
structed of the iteration of two processes: the renormal-
ization of a quite thin spherical shell of wavenumber and
the rescaling of the base equations [1].
In the renormalization procedures, the result of the
mode-coupling analysis is reused. While the expansion
based on the loop order (one-loop, two-loops, so on) is
regarded as the expansion concerning λ2 in the mode-
coupling analysis, it is regarded as the expansion con-
cerning the eliminated shell thickness Λl in each renor-
malization procedure. Then n-th loop order contribu-
tion is on the order of O((Λl)n). Therefore, when the
limit l→ 0 is taken in each renormalization procedure to
obtain the derivative form of the flow of the dynamic
renormalization-group, one loop solution (that is the
mode-coupling solution) provides the exact value of the
renormalization contributed from the short wavelength.
Although this expansion looks to be limited in l ≪ 1,
the same is valid after rescaling all the quantities after
the renormalized equations are rescaled to the original
equations (at least as long as any divergence is contained
in the flow). Iteratively renormalizing the thin contribu-
tions (of Λl ≪ Λ) and rescaling the renormalized equa-
tions, the flow of the renomalization determined by the
one-loop solutions provides the exact path of the renor-
malizations where l cumulatively amounts to l≫ 1.
The renormalization into the noise term renormaliza-
tion is not shown in the text, but is the same as the
renormalization to the transportation coefficient, due to
FDR (shown in the Appendix B). Although the renor-
malization into the parameter Σ parametrizing the vari-
ance of random stress (defined in Eq. (20)) is slightly
complicated, it eventually takes the same form as in the
incompressible cases [1].
Appendix B: Evaluation of Renormalized Noise
Terms
Both in Eqs. (26) and (27), the lowest order contribu-
tions to the renormalized Σ is proportional to the follow-
ing term;
F ′′ :=
∫
dΩ
2π
|G|2(q+, ω/2 + Ω)|G|2(q−, ω/2− Ω)
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=
∑
±,±2=±1
iRes[|G|2(q+, ω/2 + Ω)|G|2(q−, ω/2− Ω),
Ω = ∓2ω
2
+
iν0
2
(q±2)2 ±√(q±2)]. (B1)
Such proportionality to F ′′ is exemplified by the renor-
malized noise of (15), evaluated as
fˆRa = fˆa + λδv
(1)
a +O(λ2), (B2)
where the lowest order comes from v<(1) given by
Eq. (A4). The difference of the renormalized variance
of fˆRa from the original variance fˆ0a then proportional
to
(Pceσ
>) ∗ (Pdfσ>) =
∫
Λ>q±>Λe−l
dq
× D
2
0
(2π)2d+1
(q+q−)2Pce(q
+)Pdf (q
−)F ′′. (B3)
As in this example, the same holds in Eq. (27).
The previous work [18] made a mistake on the evalu-
ation of this term Eq. (B1) and constructed the wrong
flow of the renormalization group. After accurate calcu-
lations, by using
G∗(q±2 ,
iν0
2
(q±2)2 ±√(q±2))
=
1
2ν0q2
(1∓2 q · k/q2) (B4)
G(q∓2 ,∓2ω − iν0
2
(q±2)2 ∓√(q±2))
=
1
2ν0q2
(
1∓2 ω ± ∂q
√·k
iν0q2
±2
ω + iν0q · k± ∂q√ · k
iν0q2 ± 2√
+O(ω2, k2, ωk)) (B5)
iν0
2 (q
±2)2 ±√(q±2)
±2√(q±2) =
√± iν02 q2
2
√
×
(
1∓2
∂q
√ · k
2
√ ±2
∂q
√ · k± iν0q · k
2
√± iν0q2 +O(k
2)
)
(B6)
G∗(q∓2 ,∓2ω − iν0
2
(q±2)2 ∓√(q±2))
=
1
±2i√
[
±2
±2ω/2 + iν02 q2 ±
√
ω + iν0q · k± ∂q√ · k + 1/2
]
(
1∓2 ω + iν0q · k±2√ +O(ω
2, k2, ωk)
)
, (B7)
F ′′ is evaluated as
F ′′ = 1/(4ν30q
6) +O(ω, k). (B8)
This means the random shear stress does not changed
when Y0 is imposed to the incompressible hydrodynamic
equations or noisy Burgers equations, as in Eqs. (26) and
(27) studied in this paper.
